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Abstract-Transient response of a multilayered laminated plate has been studied in this paper. The
objective of this study is to analyze the effect of layering on the response of the laminated plate in
both time and frequency domains to a line source on the surface of the plate. For simplicity of
analysis. attention has been focused on the two-dimensional (plane strain) motion. It is shown that
for a cross·ply plate when the number of plies is small the response of the plate is quite different
than that of an equivalcnt homogeneous plate. For short pulses the response is fairly complicated
due to the reflections from the interfaces between the plies. Dispersion of waves in the plate is also
analyzed. It is found that the homogenized model predictions for the low-order modes agree with
those of the layered model. However. they diverge when high-order modes arc considered. This is
consistent with the transient response comparisons.

INTRODUCTION

Propagation ofguidcd waves in a laminated plate is of interest for ultrasonic nondestructivc
cvaluation of defects and for matcrial characterization. There is a nced for a thorough
understanding of the wave propagation characteristics in such a plate in order to use
ultrasonic means to determine the material properties. assess damage. and characterize
defccts. Thc problem is also of interest for study of acoustic emission.

Dispcrsivc behavior of guided waves in laminated plates has been studied extensively
in recent years. It has been shown that dispersive modal propagation behavior is strongly
influenced by the anisotropic properties of each ply and stacking sequence used. Thus this
can be used to determine material properties. Propagation of free guided waves (Lamb
waves) in an anisotropic homogeneous plate has been studied in detail recently by Nayfeh
and Chimenti (1988b) and Li and Thompson (1990). These studies provide an interesting
picture of the rich dispersion characteristics of the Lamb waves. They also contain a
comprehensive survey of the literature on guided waves in homogeneous anisotropic plates.
A comprehensive review of current work (theoretical and experimental) can also be found
in the edited volumes of Mal and Ting (1988) and Datta et al. (1990). Among the theoretical
works are those of Kaul and Mindlin (1962). Abubakar (1962). Solie and Auld (1973).
Baylis and Green (1986). Mal (1988). Datta et al. (1988), Bratton et al. (1989. 1990). and
Dayal and Kinra (1989).

In the studies mentioned above attention was focused on free Lamb waves. The effect
of fluid loading on ultrasonic guided waves in composite plates has also been investigated
by several authors. References to these can be found in the two edited volumes mentioned
above and in the works by Nayfeh and Chimenti (1988a.b) and Mal and Bar-Cohen (1989).

Guided waves in layered (laminated) composite plates have also received attention.
For references the reader is referred to the edited volumes mentioned above and to the
papers by Dong and Nelson (1972). Dong and Hwang (1985), Mal (1988). Datta et al.
(1988). Dayal and Kinra (1989). and Chimenti and Nayfeh (1990). A systematic inves­
tigation of the effect of increasing number of laminae on the dispersion of free guided waves
in a laminated plate has been reported recently by Karunasena et al. (1991). Since in many
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structural applications th~re are usually many laminae in a composite plate (shell) it is of
interest to investigat~ the eff~ct of th~ numb~r of layers on the dispersion behavior.

As is evidenced from the above review. there is now a considerable body of literature
on dispersive guided waves. However. very few studies have been reported dealing with the
propagation of disturbances in a laminated plate gen~rated by sources. Early works on
wave propagation in an anisotropic plate due to impact are by Moon (1972). and Whitney
and Sun (1973). who used Mindlin plate theory to study the dynamic response of a
composite plate. Recently. Chang and Sun (1988) have used a finite difference procedure to
analyze the two-dimensional (plane stress) problem of wave propagation in a homogeneous
orthotropic plate. Pulse propagation in a fluid-loaded laminated plate when the source is
in the fluid has also been studied by Mal er al. (in press).

In this paper we report on our investigation of the effect of layering on the transient
wave propagation in a laminated cross-ply plate. For simplicity of analysis the attention is
focused here on the two-dimensional (plane strain) problem when a line vertical force is
applied on a free surface of the plate. the line being parallel or perpendicular to the fibers
in a ply. Results in both the time and frequency domains for the normal stress component
in the y or x direction at the epicenter and at a point on the surface of the plate on which
the force is applied are presented. For comparison purposes results are also presented for
a homogeneous platc whose properties arc given by the static effective properties when the
numhcr of plies is large.

PROIlLEM FORMtILATIO:-.l

Consider a cross-ply laminated plate on one surl~LCe of which a line vertical force acts
in the .:-direction (Fig. II. The line along which the force al.:ts is taken to he parallel to
cither the.'(- or y-axis. The x-axis is chosen to he parallel to the liher direction in the topmost
ply. It will he assumed that the frequency content of the applied force is low enough so that
each ply can he modeled as a transversely isotropic medium with the axis of symmetry
parallel to the lihers. Thus for the prohlem under consilkration the displacement U is
independent ofy for the conliguration shown in Fig. I. Also U has only nonzero components
II(X.':, t) and II'(X.':. r) in the x- and :-directions. respectively.

Now the relevant stress components in the ply with fibers parallel to the x-axis (0)
are related to the displacements as

Du 1'1\'

(J,,=CII~ +CIZ~
('x I':

( I )

Laminated crossply plate with vertical line load

Fig. 1 Geometry of the lamina led plate.
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Here C;j are the elastic stiffness coefficients.
In an earlier paper (Bouden and Datta, 1990) it was shown that the equations of

motion in this play are satisfied if. following Buchwald (1961), it is assumed that

e0
11=-ex'

provided 0 and cI> satisfy the equations:

(2)

(3)

(4)

Here p is the density. Note that for the 90' ply the governing equations are obtained by
replacing C" with C~~ (= CJJ ) and CSl by C4' Also, when the line of force is parallel to
the x-axis then the governing equations for the 90' ply will be the same as above with the
changes II -+ l' and x -+ y. Furthermore, the equations for the O' ply in that case are then
obtained by replacing C I' with C ~~ and CH with C44' In the following we focus our attention
on eqns (I )-(3). Appropriate changes indicated above can then be made to get the solution
valid for a different ply and for the line force along the x-ax.is.

The boundary conditions that are to be satislied by the stresses and displacements are

(1:: = -(1I1(1)(;(X-'\·II), (1:: = 0, == 0

(1:: = (1,: = 0, == ll. (5)

In addition. assuming that the plies are perfectly bonded, the continuity of U and (1:: and
(1:., at the interfaces must be satisf1ed.

To solve eqns (3) and (4) we take the Fourier transforms with respect to x and t. Thus
we write:

<r>*(k,=,w) = f::t: <1>(.\',=. f)e-ikHiUJI dx dl (6)

(7)

Then it is easily shown (Bouden and Datta. 1990) that using a local coordinate system for
each ply with the origin at the top of the ply. the solutions for e* and <1>* can be written
as

0* = F1nt +G,nt

<r>* = F~nt +G~ni.

The expressions for n can be written as

(8)
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01' = A II e"'= + A 12 eu,lh-:)

ot = A2Iei.I'=+A22eI.I,ih :) (9)

The nondimensional material constants appearing in eqn (10) are ex = C I tiC55. P=
C J)iC'5' J = I+C 1J /C 55 • and}' = l+ex{1-,V Also. we have taken II to be the thickness
of a ply and k~ = PW 2/C 55 • The roots Sl.2 are chosen so that 1m SJ.2 ;;:: O. The constants
appearing in eqn (8) may be taken as F 1 = G I = I and

( II)

Using (8) in (I) and (2). the transforms of displacements and tractions can be written
in the matrix form as follows:

( 12)

Here. m is the layer (ply) identifier.

( 13)

( 14)

and [DI", is a 4 x 4 di'lgonal matrix

and

( 15)

[EL.. =
[

ik

is l F2

('\\r l

-ks 1(' \\(1 + F2 )

ik ik

-is l F2

c\\r l

r ,and r 2 are given by

(17)

( 18)

Equation (12) can be written in the partitioned form as

( 19)

where the subscript; stands for the depth level from the top of the ply at which [DJ is
evaluated. and the subscripts D and S denote displacements and tractions. respectively.

Using the solution (9) for each ply and applying the boundary conditions enunciated
before the following equations are obtained to solve for the 4n constants {v} m (m = I..... n)

when there are n plies.
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(20)

The 41/ equations (20) can be solved for the unknown coefficients and then the transforms
of the displacements and tractions at any point can be evaluated using eqn (12). Once the
transforms are known then the time-domain is obtained by first evaluating the inverse
Fourier transforms with respect to the spatial variable using an adaptive Clenshaw-Curtis
scheme and then using an FFT. In the following numerical results are presented for a
particular example.

NUMERICAL RESULTS AND DISCUSSION

Numerical results were obtained for a graphite tiber-reinforced epoxy cross-ply lami­
nate. The properties of the 0' ply considered were the same as those in Datta et al. (1988).
namely.

CII = 160.73 GPa. C JJ = 13.92 GPa. C il = 6.44 GPa. CH = 7.07 GPa.

CH = 3.50 GPa.

The ply lay-up considered was [0'/90']; where n was taken to be 2. 4 and 8. The total
thickness of the plate was 5.08 mm.

Figures 2 and 3 show the dispersion curves for propagation in the 0" and 90" directions.
respectively. Also shown in these figures are the results when the layered plate is replaced
by an equivalent homogeneous plate with properties obtained using the static effective
medium approximation for a periodic layering (see Karunasena et al., in press). For the
particular ply properties considered these are:

(;11 = 87.32 GPa. (;1.1 = 6.68 GPa. (;ll = Clj, (;H = (;ss = 4.68 GPa.

These figures show that the first flexural mode behaviors of the layered plate in the two
directions are identical over the frequency range considered and are predicted well by the
homogeneous plate model. It is also seen that the first longitudinal mode behaviors are
somewhat different. but the differences arc small. The behaviors of the higher modes are,
however. vastly different from one another. The effects of increasing the number of laminae
are shown in Figs 4 and 5. It is clear that as the number of layers increases the dispersions
of higher modes are predicted more closely by the homogenized model. It may be concluded
then that to predict the behavior of a laminated plate by a homogenized plate model there
is a certain number of laminae that must be present. This number depends on the frequency
content of the disturbance. In order to see this. results for the transient response of the
plate are presented next.
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COMPARISON OF HOMOGENEOUS
AND [0/90/0/90J. CROSSPLY PLATE
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Fig. 2. Dispersion curves for the propagating modes in the 0 direction in an 8-ply ([0'/901;) plate.
Also shown arc the results f,'r the homogeneous plate.

Figures 6 and 7 present the frequency spel:tra of the vertical displacement component
at a distance five times the thickness of the plate from the source. The time dependence of
the source is taken as 6(t). Figure 6 shows the response when the line source is along the
y-axis (at right angles to the fibers in the 0 ply), when it is along the x-axis (parallel to the
fibers in the 0 ply), and when it is along the v-axis acting on a plate with homogeneous
etll.'ctive properties. It is seen that the spectra are qualitatively the same for the first two cases
at low frequencies (k 21l < 8), but are quite different at high frequencies. Note that k 2H = 8
corresponds to a frequency of 0.5 M Hz. As seen from Figs 2 and 3 the vertical response
below this frequency is dominated by the llexural mode eXl:ept near the cutoff frequency of
51 mode. The response of the homogeneous plate and that in the first two cases show sharp
peaks at cutoff frequencies of certain longitudinal modes: 5 1(P), A J(P), 5 4(P), and A s(P).
The response of the homogeneous plate shows maxima also at the cutoff frequencies of
certain flexural modes: 5 2(5). 5 J (8) . .'1 4(8), 8\(5). and .1/>(5). There are other maxima

COMPARISON OF HOMOGENEOUS
AND [90/0/90/0]. CROSSPLY PLATE
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Fig. 3. Same as in Fig. 2 for propagation in the 90 direction.
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COMPARISON OF HOMOGENEOUS
AND [O/90]~ CROSSPLY PLATE
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Fig. 4. Dispersion curves for propagation in the 0 direction in a 16-ply ([0/90):) plate.

in the response which do not seem to correspond to any cutoffs. Figure 7 shows the effect
of increasing the number of plies to 16 in comparison with the results for the homogeneous
and 8-ply plates. The results for the 16-ply plate and homogeneous plate arc quite similar
up to the cutoff frequency of A 1{P) mode. This is consistent with the dispersion behavior
shown in Fig. 4. where it is seen that the homogeneous model predictions agree closely with
those of the layered model for frequencies less than about 0.6 MHz. Figures 8 and 9 show
the transient response of the plate when the source is a Ricker pulse with center frequency.
};e';H. at 0.21 M Hz. The time dependel1l:e of this pulse is given by

(21 )

where}; = k 2H/2tr.. t = le./H, and c} = CS5 /p. It is seen from these figures that the results
for the 16-ply and homogeneous plates are quite close.
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Fig. 5. Dispersion curves for propagation in the O' direction in a 32-ply ([0'/90');') plate.
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SPECTRUM at SH (H=S.08 mm, Fmax=3.0 MHz)

10000..,-----------------------------,

--- A-HOMOGENEOUS

8-8 CROSSPl'( (90)

- - - C-8 CROSSPl'( (0)

20

'.
1.000

0.100

0.010 ...I.--.-r---r..",..-r-..,---r..,--r-'-...,....--..,- ...--r---.--.-----.~--14

2 .. 1 4'" u 6 .1 6 .) 1dJ 12 14

NORMALIZED FREO (k2H)
Fig. fl. Fn:4ueney sp<--.:trum of the :-displacemenl at a distance of 511 from the source where the
source functlOlI is S(t> in time. Comparison of the homogenized modd ;Illd ll-ply phlte predictiolls.
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Fig. 7. Same as in Fig. 6. Comparison of the homogenized model. 8-ply and 16-ply plate predictions.
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TIME RESPONSE of GRAPHITE/EPOXY PLATE at 5H
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Finally. Fig, 10 shows the time-response of the 8-ply plate when the center frequency
is I M Hz. The response of the plate for the two types of sources arc found to be very
dillcrent. This is consistent with large differences in the dispersion behavior as shown in
Figs 2 and 3.

CONCLUSION

Model calculations have been presented showing the frequency and time responses in
plane strain of a cross-ply plate with many plies due to a line source acting on the surface
of the plate. Effect of increasing the number of plies on the response has been studied. It is
found that the response of the multi-ply plate can be predicted closely by an effective
homogeneolls plate model within a certain frequency range if there is a certain minimum
number of plies, this number depends on the frequency range of interest.
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